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Henceforth, the long standing problem of the existence of overstable motions 
in magnetothermoconvection shall stand settled, and so shall the associated 
controversy regarding the validity or otherwise of the Thompson-Chandrasekhar 
criterion in favour of the classic calculations of S. Chandrasekhar [Phi/ox Mug. Ser. 
43, No. 7 (1952), 501-532; “Hydrodynamic and Hydromagnetic Stability,” Oxford 
Univ. Press, London, 19611. t; 1989 Academic Press, Inc. 
1. INTRODUCTION 
In his masterly contributions to the theory of magnetohydrodynamic 
thermal convection, Chandrasekhar [ 1,2] laid down the guiding principles 
of the subject matter in terms of the following conjectures. The first two 
were obtained by making use of the method of Pellew and Southwell [3], 
while the rest were speculated through an extremely simple solution of the 
governing equations that fails to satisfy any plausible set of boundary 
conditions on the magnetic field (except in the case of the sixth, for which 
the latter part of the remark does not apply) and pertains, according to 
Chandrasekhar, to the case of dynamically free boundaries which occurs 
only rarely in real physical situations. These conjectures are 
(i) The method of Pellew and Southwell [3] is not quite strong 
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enough to establish the validity or otherwise of the principle of exchange 
of stabilities for the problem. 
(ii) There exists a parameter regime for the problem in which the 
total kinetic energy associated with a disturbance exceeds its total magnetic 
energy, and as a consequence the principle of exchange of stabilities is valid 
for the problem in this parameter regime. 
(iii) A sufficient condition for the validity of the principle of 
exchange of stabilities for the problem is that the magnetic Prandtl number 
rrl is less than the thermal Prandtl number O. 
(iv) There exists a parameter regime for the problem defined by the 
Chandrasekhar number Q remaining less than or equal to a critical value 
Q’“,““, such that the principle of exchange of stabilities is valid for the 
problem in this parameter regime even if the magnetic Prandtl number G, 
is greater than the thermal Prandtl number G. 
(v) There exists a parameter regime for the problem defined by the 
Chandrasekhar number Q remaining greater than the critical value Q(“,“l’, 
such that overstability is valid for the problem in this parameter regime 
when the magnetic Prandtl number c1 is greater than the thermal Prandtl 
number (T. 
(vi) If the principle of exchange of stabilities is valid for the problem 
then the asymptotic behaviours of the critical Rayleigh number and the 
associated wavenumber for Q -+ cc are given by 
R,. + x2Q 
Umin --$ (n”Q/2)“” (Q+a) 
and it appears that the same power laws with the same constants of 
proportionality hold for situations with more general boundaries such as 
any combination of a dynamically free and a rigid boundary. 
(vii) If overstability is valid for the problem then the asymptotic 
behaviours of the critical Rayleigh number and the associated wavenumber 
and frequency for Q + co are given by 
R”’ + 
7?(1 +o,)02 
c (1 ++J: Q 
(p) + 71 ml” 
F 24(1+cT~~+GT,)Ql”” 
(Q- ~0). (2) 
The sufficient condition for the validity of the principle of exchange of 
stabilities for the problem as given in (iii) is known as the Thompson- 
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Chandrasekhar criterion in the literature on magnetohydrodynamic 
thermal convection (Thompson [4] obtained it first in the context of 
inviscid fluids). 
Subsequent contributions to the problem were made primarily to 
strengthen the fundamental steps enunciated by Chandrasekhar and to 
widen their domain of applicability, especially with regard to the considera- 
tion of more general boundaries in the theoretical formulation. Gibson [S] 
argued that the boundary conditions assumed by Chandrasekhar in his 
investigations on (ii) and (vii) that pertain, according to him, to the case 
of dynamically free boundaries are not correct since they do not include the 
boundary conditions on the magnetic field. Gibson also investigated the 
problem wherein the thermally perfectly conducting boundaries that could 
be dynamically free or rigid are also those that might be electrically per- 
fectly conducting or insulating. Gibson concluded from his analysis that 
while the validity of the asymptotic forms of RIP’ and 0:’ for Q + ns as 
given in (vii) could be established along with the truth of the Thompson 
Chandrasekhar criterion as given in (iii) in the limit when Q -+ x, it was 
not so in the case of the asymptotic form of u$;,, for Q -+ co as given in 
(vii). Gibson’s analysis, however, has limited value since it is relevant only 
in the limit when Q -+ m and further it suffers from some unproven 
assumptions on account of which the conclusions obtained by him are of 
doubtful validity (Banerjee et al. [6]). 
Sherman and Ostrach [7] examined the problem wherein the fluid is 
confined within an arbitrary enclosed region with thermally perfectly con- 
ducting or insulating rigid boundary surfaces that are electrically perfectly 
conducting while the uniform magnetic field is applied in an arbitrary 
direction and contributed mainly through a restatement of (ii) and the 
establishment of the truth of the Thompson-Chandrasekhar criterion as 
given in (iii) in the limit when Q + x in this more generalized framework. 
The analysis of Sherman and Ostrach, however, is not free from unproven 
assumptions, and as a consequence his establishment of the truth of (iii) in 
the limit when Q -+ a3 cannot be relied upon although his restatement of 
(ii) in the more general context is justified. 
Recently Banerjee et al. [6, S] investigated the problem wherein the ther- 
mally perfectly conducting boundaries could be any combination of 
dynamically free and rigid boundaries that might be electrically perfectly 
conducting or insulating. Following the method of Pellew and Southwell 
[3] and making use of some specially constructed inequalities involving 
the eigensolutions of the problem, Banerjee et al. established the validity of 
(ii) and (iv) in a rigorous mathematical fashion and in the process also 
invalidated (i), which had been supported earlier by Lin [9]. The analysis 
of Banerjee et al., however, has a point of interest in that it does not 
require any condition involving 0 and or for the establishment of either (ii) 
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or (iv) and thus raises questions about the relevance of the restriction on 
CJ and r~i as prescribed in (iv). 
More recently Kumar et al. [lo] have investigated the problem wherein 
the thermally perfectly conducting boundaries are rigid and electrically per- 
fectly conducting. Making use of a slight variant of the well-known 
Fourier-Chandrasekhar technique, Kumar et al. concluded that overstable 
motions exist in the limit when Q + cc even if the magnetic Prandtl 
number 0, is less than the thermal Prandtl number cr, a conclusion which 
invalidates (iii). They also obtained the asymptotic forms of Rp’, a,$)“, and 
0:” for Q -+ co which are not in accordance with those that are given by 
(vii). However, a careful analysis of Kumar et al.‘s work shows that their 
solution of the mathematical double eigenvalue problem is not correct 
since it does not satisfy, in general, the magnetic induction equation which 
constitutes one of the governing equations of the problem. 
The present state of knowledge in magnetohydrodynamic thermal con- 
vection is thus ridden with conjectures and controversies, and what can be 
said to be rigorously mathematically established in favour or otherwise are 
(i), (ii), (iv), and the first part of (vi) that is relevant to the case of dynami- 
cally free and electrically perfectly conducting or insulating boundaries. 
Surprisingly there has not been any attempt, to the best of our knowledge, 
to construct the correct solution of the mathematical problem pertaining to 
the case of dynamically free boundaries for situations when overstability is 
valid and which was examined by Chandrasekhar. In the present paper we 
obtain the exact solution of this problem for the case of thermally insulating 
boundaries and prove that the eigenvalues calculated by Chandrasekhar 
through his extremely simple solution of the governing equations that fails 
to satisfy any plausible set of boundary conditions on the magnetic field are 
the correct ones, and thus all his conjectures except (i) are valid. 
2. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS 
The governing equations and boundary conditions in their nondimen- 
sional forms for the magnetohydrodynamic thermal convection problem 
wherein the dynamically free boundaries are thermally insulating and elec- 
trically perfectly conducting and a uniform vertical magnetic field opposite 
to gravity is impressed upon the system are given by (cf. Banerjee et al. 
C71) 
(D2-a’) ( D’-a’-: w=Ra’B-QD(D2-a’)h, 
> 
(3) 
(D2-u2-p)8= -w (4) 
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,,* = 0 = Df,l = D’,c = h. at r= -4 and z= +;. (6) 
wherein the symbols used have the same meanings as those given in the 
above-mentioned reference with the difference that the origin of is trans- 
lated to be midway between the two boundaries for the sake of con- 
venience, and boundary conditions that are relevant to thermally insulating 
boundaries [ 111 replace the corresponding ones that are relevant to 
thermally perfectly conducting boundaries. 
Combining the above equations and boundary conditions in an 
appropriate manner we derive the following systems of equations and the 
associated boundary conditions, respectively, in terms of UJ alone, 8 alone, 
and h, alone, namely, 
Lw=O 
~~=()=D2w=L,~~=L’,~~ 
at z= -$andz= +$ 
LO=0 
D8=O=(D2-a’-p)~=D2(D2-a’-p),=L2, 
at z=-&aandz=+k 
Lh,=O 
h;=O=D D2-a2-pa, h,=L,h,=L;h, 
CJ > 
+ Ra2 D2 - a2 -‘$ 
> 
- QD2(D2 - a2)(D2 - a* - p) 
L,=D(D’-a*)(D’-a2-F)-QD3-QFD 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
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L,=D(D’-u’)(*‘-a’-~) (D2--.2-p) 
-Q@(&+)-Q~+~~ (16) 
L3=(D24)(D2-&$( ) D2 - a2 pp$ _ QD'(D'- a2) (17) 
(D2-a2-p)+Ra2D2 
- QD2( D2 - a2 -p) - ( D2 - a2). (18) 
3. MATHEMATICAL ANALYSIS 
We may first observe that it follows from the evenness of the operator L 
that occurs in Eqs. (7), (9), and (11) and the identity of the boundary con- 
ditions that have to be satisfied at z = + i as given respectively by Eqs. (8), 
(lo), and (12) that the proper solutions of Eqs. (7) (9), and (11) fall into 
two noncombining groups of even and odd solutions. Further, it follows 
from Eq. (4) that the proper solutions for w  and 8 must either be both even 
or both odd while Eq. (5) implies that the proper solutions for w  and hz 
must neither be both even nor both odd. From these considerations and 
the considerations of the corresponding hydrodynamic problem with 
dynamically free and thermally insulating boundaries it follows that the 
proper solutions for w  and f3 must be odd while that for hz must be even. 
Therefore if d, and d, are constants the function h, - d, cos 3712 - d,cos 57~ 
is even, and since it is required to vanish at z = k i, we can expand it in 
a Fourier cosine series in the form 
h; - d, cos 3712 - d, cos 571~ = f, C, cos(2n + 1) nz. (19) 
?I=0 
with h, given by Eq. (19) Eq. (5) becomes 
Dw=d, 327c2+a2+p~ cos3nz+d, 
> 
~‘s~+u~+~+ cos5nz 
> 
+ f c, 
1 
(2n+1)27rz+a2+m cos(2n+l)~z 
11 =0 CT I 
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which upon integration yields 
u’, 
371 i 
ho 
ht’= - 3?r2 + 0’ + L 
1 
sin 37~ 
CJ 
d2 +g 
i 
527r2+a2+pa, sin5nz+d, 
0 1 
+.go (2n?l)n i 
(2n+1)27r2+a2+pa, sin(2n+l)nz, 
I 
(21) CJ 
where d, is a constant of integration. 
The requirement that the above solution for w  satisfies the boundary condi- 
tions as specified by Eq. (6) leads to unique determinations of d, , d,, and 
d, which are given by 
+f3C,, 
(- ,y+ ’ 
,,zO 16 (2~ + 1)(3*7c* + u2 + (pa,/a)) 
x {(2n+ I)‘-5’) (2n+ l)**2+a*+P~ 
i CT I 
(22) 
d2= 2 5c, (-,),,I 
n=O 16 (2n + 1)(.5*rc2 + a2 + (pal/o)) 
x {(2n+ l)*-3’) (2n+ 1)27r2+a2+P= 
i 
(23) fJ 
d, = 0. (24) 
Making use of Eqs. (21), (22), (23), and (24), we obtain the proper solu- 
tion for w  as 
w= f g-w+’ 
n=O 16 (h+ 1)~ 
(2n+ 1)‘s2+az+P$ 
x [{(2n+ 1)2-52} sin37Cz+ {(2n+ 1)2-32} sinSrcz] 
+fc 
1 
ncO “(2n+ 1)x 
(2n + 1)2 n2 + u2 +P+ sin (2n + 1) rcz. (25) 
With w  given by Eq. (25), Eq. (7) becomes 
5 C,[a,S, sin 3nz+ p,S, sin 57121 
P?=O 
+ $J C,y,S,sin(2n+ l)nz=O, 
n=O 
(26) 
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where 
(-,),+I 
%= 16(2n+ 1)~ 
(2n+1)*n*+a*+P~ (27) 
0 
/) = t-lY+’ 
n 16(2n + 1)rc 
{(2n+ 1)2-332) (2 n+ l)*rc*+.*+~ (28) 
(T 
y p+ 1) * lr* + a2 + (paJo) 
n 
(2n+ 1)7c 
(29) 
s,= {(2n+ 1)27r*+a*}{(2n+ 1)27?+u*+~} 
x (2n+ l)‘nZ+a2+P (2n+ 1)*7?+,2+P~ 
{ (T I{ (5 1 
x {(2n+ l)%c*+.*+p}-Ra* (2n+ 1)%2+a’+fi . (30) G 
Multiplying Eq. (26) by sin(2m + 1)rrz (since the first derivative with 
respect to z of the left-hand side of Eq. (26) vanishes at z = + 4) and 
integrating the resulting equation over the range of z, we obtain 
f q a,S,~+~nS2~+YnSn~ =o 1 (m=O, 1,2, . ..). (31) n=O 
where 6,, is the Kronecker’s delta. 
Equations (31) provide a set of linear homogeneous equations for the 
constants C,, and the requirement that the determinant of this system 
of equations must vanish provides the characteristic equation for the 
determination of R and pi when pr = 0. We thus obtain 
I/KS, ~,,+p,S2S2m+YnSn~nmII =a (32) 
The nth approximation to the characteristic values of R and pi is obtained 
by setting the nth order determinant consisting of the first n rows and 
columns on the left-hand side of Eq. (32) equal to zero. This corresponds 
to the retention of the first n terms only in the Fourier expansion of 
h= - d, cos 37rz - d, cos 5nz as given by Eq. (19). The corresponding result 
is 
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lo 0 0 0 0 0 '. -: i n S I II I 
=o 
(33) 
from which it follows uniquely that the lowest characteristic value of R and 
the associated value of pi are given by the equation 
s,=o, (34) 
since ~1, and 8, are nonzero numbers for every permissible value of II except 
for n = 2 and n = 1, respectively, while y,, does not vanish for any per- 
missible value of IZ. Further, since Eq. (34) is valid for any value of n, it 
follows that it is the unique solution that provides the lowest characteristic 
value of R and the associated value of p,, as given by the characteristic 
Eq. (32). 
With w  given by Eq. (25), 8 can be determined in accordance with 
Eq. (4), together with the relevant boundary conditions as specified by 
Eq. (6). Thus, we obtain 
e= 5 Cn(-1) 
II + 1 
,,zO 16(2n+ 1)~ i 
(2n+ l)‘x’+L?+~ 
. i 
’ [ 
{(2n+ 1)2-52 {(2n+ l)‘-3’) . 
(3zn2 + .2 + jpl ‘In 3nz + (5+r2 + a2 + jp,) sm 5~ 1 
+If ~&J2n?l)n {(2n+1)*7r2+CI*+iJ7;} 
wn + 1 I2 x2 + a2 + (~Pi%b)) sin(2n + 1) nz. (35) 
We complete the solution of the problem by demonstrating that w, 8, and 
h, which are respectively given by Eqs. (25), (35), and (19) and satisfy 
Eqs. (4) and (5) along with the boundary conditions (6) also satisfy 
Eq. (3 1. 
To prove this we consider Eq. (7), which can be written in an alternative 
form as 
D2-u2-‘$ (D2-a2-p)E=0, 
> 
(36) 
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where 
P = iPi, Pi#O 
365 
E=(D2-0’) D2-a2-f w-Ra*O+QD(D’-u*)h;. 
( J 
For w, 0, and hz as given respectively by Eqs. (25), (35), and (19), we have 
DE=O= D3E at z= -4 and z= +I. 
Multiplying Eq. (36) by E* (the complex conjugate of E) throughout 
and integrating the resulting equation over the range of z, we get, upon 
equating the imaginary part of this latter equation, 
((DE12+a2(Ej2)dz=0. (37) 
But, since pi # 0, it follows from Eq. (37) that 
E=O, VZE[-+,$I 
which in turn implies that Eq. (3) is also satisfied. 
The characteristic equation of the problem that we have derived and 
which forms the genesis of Chandrasekhar’s celebrated criterion on the 
principle of exchange of stabilities was first derived by Chandrasekhar [2] 
through an extremely simple solution for w  of Eq. (7) that does not satisfy 
all the boundary conditions as specified by Eq. (8) and that leads to a solu- 
tion for hL that fails to satisfy any plausible set of boundary conditions 
required of a magnetic field. Thus, Chandrasekhar’s claim that this solu- 
tions for w, 8, and h, are valid for the case of dynamically free boundaries 
is not correct, although the characteristic equation and the subsequent con- 
clusions based on it as derived by him are valid for the problem with free 
and thermally insulating boundaries according to the present analysis. 
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